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Abstract 

Referring to the supermultiplet of N=1 supergravity(SUGRA) the lin¬ 
earization of N=1 SGM action describing the nonlinear supersymmetric(NL 
SUSY) gravitational interaction of superon(Nanibu-Goldstone(N-G) fermion) 
is attempted. The field contents of on-shell SUGRA supermultiplet are real¬ 
ized as the composites, though they have new SUSY transformations which 
closes on super-Poincare(SP) algebra. Particular attentions are paid to the 
local Lorentz invariance. 
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Extending the geometrical arguments of Einstein general relativity theory(EGRT) 
on Riemann spacetime to new spacetime where the coset space coordinates of 
turning to the N-G fermion degrees of freedom(d.o.f.) are attached at 
every Riemann spacetime point, we have proposed a new Einstein-Hilbert(E-H) type 
action[l]. The new E-H type action describes the NLSUSY[2] invariant gravitational 
interaction of N-G fermion superon in Riemann spacetime. 

In this letter we would like to discuss the linearization of the new E-H type 
action(7V = 1 SGM action) to obtain the equivalent hnear(L) SUSY[3] theory in the 
low energy, which is renormalizable. 

Gonsidering a phenomenological potential of SGM, though qualitative and group 
theoretical, discussed in [4] based upon the composite picture of L SUSY repre¬ 
sentation and the recent interest in NLSUSY in superstring(membrane) world, the 
linearization of NLSUSY in curved spacetime may be of some general interest. 

The linearization of SGM is physically interesting in general, even if the conse¬ 
quent theory were a existing SUGRA-like, for the equivalence among them gives a 
new insight into the fundamental structure of nature. For the self-contained argu¬ 
ments we review SGM action briefly. {N = 1) SGM action is given by[l]; 

Lsgm = 

|w;| = deiw\ = det(e% + t%), t\ = (2) 

where 6“^^ is the vierbein of EGRT, tjj is N-G fermion(superon), is the 

fundamental volume of four dimensional spacetime of Volkov-Akulov(V-A) model [2], 
and A is the small cosmological constant related to the strength of the superon- 
vacuum coupling constant. G is a new scalar curvature analogous to the Ricci scalar 
curvature R of EGRT, whose explicit expression is obtained by just replacing e“^(a;) 
by w°'fj,{x) in Ricci scalar R. These results can be understood intuitively by observing 
that = e‘^f_,{x) + R^{x) dehned by c<;“ = w'^^dx^, where a;“ is the NL SUSY 

invariant differential one-form of V-A[2], is invertible and s^^{x) = Wa^{x)w°''^{x) 
are a unihed vierbein and a unihed metric tensor in SGM spacetime[l][5]. The SGM 
action (1) is invariant at least under the following symmetry[6]; ordinary GL(4R), 
the following new NLSUSY transformation; 

+ iK-‘^{CY'4’{x))dp'ip{x), 6^^e^p{x) = iK^{CYi^{x))d[pe'^p]{x), (3) 

where C is a constant spinor and (9[pe“^](a;) = i9pe“^ — i9^e“p, 
the following GL(4R) transformations due to (3); 

+ dpCsKu + (4) 
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where and s^i, = w‘^fj,Wau, 

and the following local Lorentz transformation on 

( 5 ) 

with the local parameter eab = (l/2)e[ab](a;) or equivalently on tjj and 

4 

5Li){x) = -^eaftCT^V, <^Le“^(a;) = e“fee'’^ + ^£“'’‘''^^757d^('9/.ebc)- (6) 

The local Lorentz transformation forms a closed algebra, for example, on e°'^{x) 

[6L,:SL,]e% = p\e\ + (7) 

where (3ab = —Pba is dehned by Pat = ^ 2 ac^i^ b — ^ 2 hc^i^ a- The commutators of two new 
NLSUSY transformations (3) on 'ip{x) and e“^(a;) are GL(4R), i.e. new NLSUSY 
(3) is the square-root of GL(4R); 

lie., %]<^ = =<‘9,.^), , 6(,]e% = S.^a,e‘„ + e^S^S", (8) 

where = 2i(C27^Ci) ~ (t])■ They show the closure of the algebra. 

SGM action (1) is invariant at least under[6] 

[global NLSUSY] ® [local GL(4, R)] ® [local Lorentz], (9) 

which is isomorphic to SP whose single irreducible representation gives the group 
theoretical description of SGM[4]. 

Here we just mention that the SGM action of Eq.(l) is a nontrivial generaliza¬ 
tion of E-H action. Interestingly the following local spinor translation with a local 
parameter e(a;), 5%Ij = e, 5e°'^ = gives = 0 = Swa^- 

However, this local spinor transformation cannot transform away the d.o.f. of 
Indeed, ip seems to be transformed away if we choose dip = e = —ip, but it is re¬ 
stored precisely in the unihed vierbein by simultaneously transforming e“^, i.e., 
w(e, Ip) = w{e + 6e,ip + dip) = w{e + t, 0) as indicated by = 0. And also the 
above local spinor transformation is a fake gauge transformation in a sense that, in 
contrast with the local Lorentz transformation on the coordinates in the vierbein 
formalism of EGRT, it cannot be eliminate the d.o.f. of ip since the unihed vier¬ 
bein is the only gauge held on SGM spacetime and contains only 

integer spin. This confusive situation comes from the new geometrical formulation 
of SGM on unfamiliar SGM spacetime, where besides the Minkowski coordinates 
a;“, is a Grassmann coordinate (i.e. the fundamental d.o.f.) dehning the tangen¬ 
tial spacetime with SO(3,l) x SL(2,G) d.o.f. inspired by NLSUSY. The local spinor 
transformation {dip = e(x)) is just a coordinate transformation(redihnition) on SGM 
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spacetime. These situation can be understood easily by observing that the unihed 
vierbein is dehned by a;“ = da;" + = w°'^dx^, where cn" 

is the NLSUSY invarinat differential one-form of V-A[2] and {x°‘,'ip) are coordinates 
specifying the (SGM) flat spacetime inspired by NLSUSY. 

From these geometrical viewpoints (in SGM spacetime) we can understand that ip is 
a coordinate and would not be transformed away and the initial SGM spacetime is 
preserved. Eliminating tp by some arguments regarding the above local spinor trans¬ 
lation as a gauge transformation leads to a different theory (ordinary E-H action) 
with a different (Minkowski) flat spacetime, which is another from SGM scenario 
considering that the SGM spacetime is an nltimate physical entity. 

The linearization of snch a high nonlinear theory is interesting and inevitable to 
obtain a renormalizable held theory which is eqnivalent and describes the observed 
low energy physics. 

The hat space linearization of N=1 V-A model has been carried ont and proved that 
N=1 V-A model is eqnivalent to N=1 scalar snpermnltiplet[7] or N=1 axial vector 
gange snpermnltiplet of linear SUSY[8]. 

As a hat space exercise for the extended SGM linerization, we have carried ont the 
linearization of N=2 V-A model and shown that it is eqnivalent to the spontaneously 
broken N=2 linear SUSY vector = 1~ gange snpermnltiplet model with SU(2) 
structure[9]. Interestingly SU(2) algebraic gange structnre of the electroweak stan¬ 
dard model(SM) may be explained for the hrst time provided that the electroweak 
gange bosons are the composite helds of this(SGM) type in the low energy. 

In these works the linearization are carried ont by using the snperheld formalism 
and/or by the henristic and intnitive argnments on the relations between the com¬ 
ponent helds of L SUSY and NLSUSY. In either case it is crncial to discover the 
SUSY invariant relations which connect the snpermnltiplets of L and NL theories 
and reprodnce the SUSY transformations. 

In abovementioned cases of the global SUSY in hat spacetime the SUSY invari¬ 
ant relations are obtained straightforwardly, for L and NL snpermnltiplets are well 
nndestood and the algebraic strnctnres are the same SP. 

The sitnation is rather diherent in SGM, for (i) the snpermnltiplet strnctnre of 
the linearized theory of SGM is unknown except it is expected to be a broken SUSY 
SUGRA-like theory containing graviton and a (massive) spin 3/2 held as dynamical 
d.o.f. and (ii) the algebraic strnctnre (9) is changed into SP. 

Therefore by the heuristic arguments and referring to SUGRA we discuss for the 
moment the linearization of N=1 SGM. 

At hrst, we assnme faithfnlly to SGM scenario that; 

(i) the linearized theory shonld contain the spontaneously broken global (at least) 
SUSY 

(ii) graviton is an elementary held(not composite of snperons coresponding to the 
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vacuum of the Clifford algebra) in both L and NL theories 

(iii) the NLSUSY supermultiplet of SGM (e“^(a;), 'ip{x)) should be connected to the 
composite supermultiplet (e“^(e(a;),'^(x)), for elementary graviton 

held and a composite (massive) spin 3/2 held of the SUGRA-like linearized theory. 

From these assumptions and following the arguments performed in the hat space 
cases we require that the SUGRA gauge transformation [10] with the global spinor 
parameter ( shonld hold for the supermultiplet (e“^(e, -ip), A^(e, '^)) of the (SUGRA- 
like) linearized theory, i.e., 


(5e%(e, pj) = mC7“A^(e, -ip), (10) 

p)) = = -^‘^(e, ^/’)/VafeC, (11) 

where — |a;^“^(e,'^)(Tafe, C is a global spinor parameter and 

the variations in the left-hand side are indnced by NLSUSY (3). 

We pnt the following SUSY invariant relations which connect to e“^(e,'^); 

e%(e,^/) = e%(a;). (12) 

This relation (12) is the assnmption (ii) and holds simply the metric conditions. 
Conseqnently the following covariant relation is obtained by snbstitnting (12) into 
(10) and compnting the variations nnder (3) [11]; 

Xf,{e,pj) = K^aYi’{x)d[pe‘^^,]. (13) 

(As discussed later these should may be considered as the leading order of the 
expansions in k of SUSY invariant relations. The expansions terminate with (t/)^- 
Now we see LSUSY transformation indnced by (3) on the (composite) snpermnltiplet 
(e%(e,^/>), Xp{e,^p)). 

The LSUSY transformation on becomes as follows. The left-hand side of (10) 
gives 

6e‘^p{e,'ip) = 5^^e^p{x) = iK^{CY'4^{x))d^pe^ p)^{x). (14) 

While snbstitnting (13) into the right-hand side of (10) we obtain 

iK^{PY'4’{^))d[pe°'p]{x) H-(extra terms). (15) 

These results show that (12) and (13) are not SUSY invariant relations and repro- 
dnce (10) with nnwanted extra terms which should be identified with the anxiliary 
fields. The commntator of the two LSUSY transformations indnces GL(4R) with 
the field dependent parameters as follows; 

[<^Ci>%]e%(e,^) = S^<9pe%(e,^/>) + e%(e, (16) 
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where = 2 i(C 27 ''Ci) - a])- 

On \p{e,'ip), the left-hand side of (11) becomes apparently rather complicated; 

6Xp{e,ij) = K6{'yaYij{x)dipe'^ p]) 

= K'ya[S^^Y'^{x)d[pe‘'p] + Y^^^'^{x)d[pe''p] + Y'^{x)9[pS^^e'^p]]. (17) 

However the commutator of the two LSUSY transformations induces the similar 
GL(4,R); 

= ^^dpXp{eY) + ~Yi^Y)dp-^- (18) 

These results indicate that it is necessary to generalize (10), (11) and (13) for ob¬ 
taining SUSY invariant relations and for the closure of the algebra. Furthermore due 
to the complicated expression of LSUSY (17) which makes the physical and math¬ 
ematical structures are obscure, we can hardly guess a linearized invariant action 
which is equivalent to SGM. 

Now we generalize the linearization by considering the auxiliary helds such that 
LSUSY transformation on the linearized helds induces SP transformation. 

By comparing (11) with (17) we understand that the local Lorentz transforma¬ 
tion plays a crucial role. As for the local Lorentz transformation on the linearized 
asymptotic helds corresponding to the observed particles (in the low energy), it is 
natural to take (irrespective of (6)) the following forms 

SlXpY) = -^abCr'^^Xpix), 5 lYp{x) = e'^Yp, (19) 

where eab = (l/2)e[ab](a;) is a local parameter. The relation between (6), i.e. the 
ultimate Lorentz invariance encoded geometrically in SGM space-time, and (19), 
i.e. the Lorentz invariance dehned on the (composite) asymptotic held in Riemann 
space-time, is unclear. In SGM the local Lorentz transformations (5) and (6), i.e. 
the local Lorentz invariant gravitational interaction of superon, are introduced by 
the geomtrical arguments in SGM spacetime[6] following EGRT. While in SUGRA 
theory the local Lorentz transfomation invariance (19) is realized as usual by intro¬ 
ducing the Lorentz spin connection (jp^"^ . And the LSUSY transformation is dehned 
successfully by the (Lorentz) covariant derivative containing the spin connection 
ujp°'^{e,ijj) as seen in (11), which causes the super-Poincare algebra on the commu¬ 
tator of SUSY and is convenient for constructing the invariant action. Therefore in 
the linearized (SUGRA-like) theory the local Lorentz transformation invariance is 
expected to be realized as usual by dehning (19) and introducing the Lorentz spin 
connection Up'^^. We investigate how the spin connection a)^“^(e,'^) appears in the 
linearized (SUGRA-like) theory through the linearization process. This is also cru¬ 
cial for constructing a nontrivial (interacting) linearized action which has manifest 
invariances. 
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We discuss the Lorentz covariance of the transformation by comparing (17) with 
the right-hand side of (11). The direct computation of (11) by using SUSY invariant 
relations (12) and (13) under (3) produces complicated redundant terms as read 
off from (17). The local Lorentz invariance of the linearized theory may become 
ambiguous and lose the manifest invariance. 

For a simple restoration of the manifest local Lorentz invariance we survey the 
possibility that such redundant terms may be adjusted by the d.o.f of the auxiliary 
helds in the linearized supermultiplet. As for the auxiliary helds it is necessary for 
the closure of the off-shell superalgebra to include the equal number of the fermionic 
and the bosonic d.o.f. in the linearized supermultiplet. As new NLSUSY is a global 
symmetry, has 16 fermionic d.o.f.. Therefore at least 4 bosonic d.o.f. must be 
added to the off-shell SUGRA supermultiplet with 12 d.o.f. [12] and a vector held 
may be a simple candidate. 

However, counting the bosonic d.o.f. present in the redundant terms correspond¬ 
ing to a;^“^(e,'^), we may need a bigger supermultiplet e.g. 16 -|- 4 ■ 16 = 80 d.o.f., 
to carry out the linearization, in which case a rank-3 tensor and a rank-2 
tensor-spinor A^,y may be candidates for the auxiliary helds. 

Now we consider the simple modihcation of SUGRA transformations(algebra) 
by adjusting the (composite) structure of the (auxiliary) helds. We take, in stead of 
(10) and (11), 

(5e%(a;) = iKC-f^\p{x) + CA%, (20) 

<5A^(a;) = -D^C + l>X = (21) 

where A“^ and represent symbolically the auxiliary helds 80-1-80 and are func¬ 
tionals of and We need A“^ term in (20) to alter (14), (16), (17) and (18) 
toward that of super-Poincare algebra of SUGRA. We attempt the restoration of 
the manifest local Lorentz invariance order by order by adjusting A“^ and In 
fact, the Lorentz spin connection ci;^“^(e)(i.e. the leading order terms of a’^“^(e,'^)) 
of (21) is reproduced by taking the following one 

A% = (22) 

which holds (16). Accordingly is determined up to the hrst order in ip as 

follows; 


A/.(e, Ip) = ^{iK‘^^aYi’{x)d[pe^p] - 7aA“/,) = -^-^uY^{e)aah'ip, (23) 

which indicates the minimal Lorentz covariant gravitational interaction of superon. 
Sustituting (23) into (21) we obtain the following new LSUSY transformation of 
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(after Fiertz transformations) 

= -^oo^'"^{e)aabC + y {e“''(e, ^p)aab ■ uj^'''^{e)acdi^ H-}. (24) 

Remarkably the local Lorentz transformations of A^(e,'^) (,i-e. the second term) 
with the held dependent antisymmetric parameters e°'^{e,ijj) is induced in addition 
to the intended ordinary global SUSY transformation. (23) is the SUSY invariant 
relations for A^(e, ip) in the lowest order with ip, for the SUSY transformation of (23) 
gives the right hand side of (21) with the consequent auxiliary helds. Interestingly 
the commutator of the two LSUSY transformations on (23) induces GL(4R); 

= ^'’dp\f,{e,ip) + df,EP\p{e,ip), (25) 

where is the same held dependent parameter as given in (16). (16) and (25) 
show the closure of the algebra on SP algebra provided that the SUSY invari¬ 
ant relations (12) and (23) are adopted. These phenomena coincide with SGM 
scenario[1] [4] from the algebraic point of view, i.e. they are the superon-graviton 
composite (eigenstates) corresponding to the linear representations of SP algebra. 
As for the redundant terms in (24) with [ip)"^ the SUSY transformations we can re¬ 
cast them by considering the modihed spin connection ujp°‘^{e,ip) particularly with 
the contorsion terms and (the auxiliary held) <l>^(e,'^). In fact, we have proved that 
the contributions to (24) from the SUGRA-inspired contorsion terms; 

Kpab(T'^''lp = — (AaTfeA;, - Afe7aA^ Aa7^Ab)(T“V 

= ^-^{{ea'"'ip(T‘"^^ucdie)'yb^pfgie)a^^ip - [a ^ 6] H-(26) 

satishes 

%](iFafe;.cT“V) = S"9p(iF,b^a“V) + dpEP{Kabpa^^iP). (27) 

We can obtain the complete linearized (oh-shell) supermultiplets of the super-Poincare 
algebra by repeating the similar procedures (including the auxiliary helds 80 -|- 80) 
order by order which terminates with {ip)^. The complicated procedures has been 
carried out successfully up to 0('^^)[13]. 

Finally we mention another way of the systematic linearization by using the 
superheld formalism applied to the coupled system of V-A action with SUGRA[14]. 
We can dehne on such a coupled system a local spinor gauge symmetry which induces 
a super-Higgs mechanism[15] converting V-A held to the longitudinal component of 
massive spin 3/2 held. The consequent Lagrangian obtained may be an analogue 



that we anticipate in above discussions but with the elementary spin 3/2 held. 

The linearization of the new E-H type action (1) with the extra dimensions, which 
gives another unihcation framework describing the observed particles as elementary 
helds, is open. And the linearization of SGM action for spin 3/2 N-G fermion 
held[16] (with extra dimensions) may be in the same scope. 

Now we summarize the results as follows. Referring to SUGRA transformations 
we have attempted explicitly the linearization of N=1 SGM up to in the 

(SUGRA-like) LSUSY transformations. The closure of the new LSUSY transfor¬ 
mations (20) and (24) on the linearized supermultiplet, which are different from 
SUGRA transformations, can be proved order by order with ip by introducing the 
auxiliary helds. It is interesting that the simple relation = e^'^'jaip + • • •, which 
is sugested by the hat spacetime linearization, seems disfavour with the SGM lin¬ 
earization. As conjectured before, what LSUSY SP may be to SGM in quantum 
held theory, what 0(4) symmetry is to the relativistic hydrogen model in quan¬ 
tum mechanics, which is tested by the linearization. The linearization of SGM is 
physically interesting in general, even if it were a existing SUGRA-like theory, for 
the consequent broken LSUSY theory is shown to be equivalent and gives a new 
insight into the fundamental structure of nature (like the relation between Landau- 
Ginzberg theory and BGS theory for supercnductivity). The complete linearization 
to all orders, which can be anticipated by the systematics emerging in the present 
study, needs specihcations of the auxiliary helds and remains to be studied. They 
are now in progress. 
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